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Abstract
We revisit the derivation by Tomimatsu of the generalized Komar
integrals giving the mass and angular momentum of rotating Einstein-
Maxwell black holes. We show that, contrary to Tomimatsu’s claim,
the usual Smarr formula relating the horizon mass and angular momen-
tum still holds in the presence of both electric and magnetic charges.
The simplest case is that of dyonic Kerr-Newman black holes, for which
we recover the modified Smarr formula relating the asymptotic mass
and angular momentum, the difference between asymptotic and hori-
zon masses being equal to the sum of the two Dirac string masses. Our
results apply in particular to the case of dyonic dihole solutions which
have been investigated recently.
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1 Introduction
The Smarr formula [1] relating the mass, angular momentum, entropy and
electric charge of black holes was originally designed for the electrically
charged Kerr-Newman solution. Its possible generalizations were extensively
analyzed by Carter [2] on the basis of Komar integrals [3]. More general solu-
tions describing axisymmetric configurations of multiple rotating black holes
(possibly joined by strings) endowed with electric and also magnetic charges
were discussed recently. These solutions usually have a simple description
in terms of Ernst potentials, while the metric and the electromagnetic po-
tentials are rather complicated. For such situations Tomimatsu designed his
original formulas [4, 5] expressing black hole parameters in terms of both the
metric variables and the Ernst potentials taken on the symmetry axis. These
formulas suggested in 1984 were successfully applied for multiple electrically
charged rotating black holes [6].
On the other hand, when the Tomimatsu formulas (completed by an
analogous expression for magnetic charge) were applied to multi-dyons [5,
7, 8, 9, 10], it was observed that the resulting values for the black hole param-
eters failed to obey the standard Smarr relation, but obeyed a generalized
Smarr relation with both electric and magnetic contributions. However, the
derivation by Tomimatsu [5] gives little details of the underlying calcula-
tions, so to clarify the situation a new derivation is necessary. Here such a
derivation is presented, showing that in the original Tomimatsu formulas an
important term is missing. Correcting the Tomimatsu formulas, we obtain
a new version which, when applied to dyons, leads to the standard Smarr
relation between the local horizon mass, angular momentum and electric
charge.
In passing we establish the crucial role played by the Dirac strings associ-
ated with magnetic monopoles in the mass and angular momentum balance
equations. We show that for the Kerr-Newman solution with both electric
and magnetic charges the Dirac strings are endowed with non-zero general-
ized Komar masses which should be taken into account in the Smarr formula
for the total mass. We also find that the symmetric choice of gauge for the
vector potential (with both North and South pole Dirac strings present with
equal weights) for dyons is essential to achieve the total angular momentum
balance of the configuration.
2
2 Generalized Komar mass and angular momen-
tum
We first review the generalized Komar formulas [2] giving the masses and an-
gular momenta of extended sources of Einstein-Maxwell fields. The Komar
mass and angular momentum for an asymptotically flat, stationary, axisym-
metric configuration are given by the integrals over a spacelike 2-surface at
infinity [3]1:
M =
1
4π
∮
∞
DνkµdΣµν , (2.1)
J = −
1
8π
∮
∞
DνmµdΣµν (2.2)
where kµ = δµt and m
µ = δµϕ are the Killing vectors associated with time
translations and rotations around the z-axis.
Because the integrand Dνkµ is antisymmetric, one can apply the Ostro-
gradsky theorem to transform
M =
∑
n
1
4π
∮
Σn
DνkµdΣµν +
1
4π
∫
DνD
νkµdSµ, (2.3)
where Σn are the spacelike surfaces bounding the various sources, and the
second integral is over the bulk. Using again the fact that k is a Killing
vector and the Einstein equations, we obtain
DνD
νkµ = −[Dν ,D
µ]kν = −Rµνk
ν = −8πT µνk
ν . (2.4)
Here T µν is the electromagnetic energy-momentum tensor
T µν =
1
4π
[
FµρFνρ −
1
4
δµνF
ρσFρσ
]
, (2.5)
with Fµν = ∂µAν−∂νAµ. It follows that the bulk contribution to the Komar
mass (2.3), which after Tomimatsu [5] we will call ME, may be transformed
to
ME ≡
1
4π
∫
DνD
νkµdSµ = −2
∫
T tt
√
|g|d3x
1We use the metric signature (-+++) and the convention dΣµν = 1/2
√
|g| ǫµνλτdx
λdxτ
with ǫtρzϕ = 1 in Weyl coordinates. We will label t, ϕ by an index a, and the remaining
coordinates ρ, z by i, j. In Sect. 4 we will also use prolate spheroidal coordinates x, y
instead of ρ, z. The two-dimensional Levi-Civita symbol ǫij is defined with ǫρz = 1 and
ǫxy = 1 respectively.
3
= −
1
4π
∫ (
FitF
it − FiϕF
iϕ
)√
|g|d3x
= −
1
4π
∫
∂i
[√
|g|
(
AtF
it −AϕF
iϕ
)]
d3x
=
∑
n
1
4π
∮
Σn
(
AtF
it −AϕF
iϕ
)
dΣi, (2.6)
where we have used the Maxwell equations in the bulk outside the sources,
and again the Ostrogradsky theorem. Note that we have implicitly assumed
in the last step that ∮
∞
(
AtF
it −AϕF
iϕ
)
dΣi = 0. (2.7)
Were this condition not satisfied, the final result (2.6) should also include a
surface integral at infinity.
Returning to (2.1), we can write the total mass as the sum of the masses
of the individual sources
M =
∑
n
Mn, (2.8)
with
Mn =
1
8π
∮
Σn
[
gijgta∂jgta + 2(AtF
it −AϕF
iϕ)
]
dΣi, (2.9)
where the first term may be viewed as the gravitational contribution to the
source mass, and the second term as the electromagnetic contribution.
Similarly, (2.2) can be transformed to
J = −
∑
n
1
8π
∮
Σn
DνmµdΣµν +
∫
T µνm
νdSµ, (2.10)
and the second, bulk contribution JE can be further transformed to
JE =
1
4π
∫
FiϕF
it
√
|g| d3x
=
1
4π
∫
∂i
(√
|g|AϕF
it
)
d3x
= −
∑
n
1
4π
∮
Σn
AϕF
it dΣi, (2.11)
under the assumption ∮
∞
AϕF
it dΣi = 0. (2.12)
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The total angular momentum then decomposes as
J =
∑
n
Jn, Jn = −
1
16π
∮
Σn
[
gijgta∂jgϕa + 4AϕF
it
]
dΣi. (2.13)
These formulas give the masses and angular momenta as fluxes through
surfaces, and thus necessitate the knowledge of the gravitational and electro-
magnetic potentials off these surfaces. In the case where Σn is the horizon
of a rotating black hole, Tomimatsu [5] derived formulas which have the
advantage of involving only potentials on-shell, that is on the horizon.
3 Correcting the Tomimatsu formulas
Now we revisit the derivation of the mixed formulas for the mass and angular
momentum of rotating black holes given by Tomimatsu in [5]. We call these
“mixed” because they involve both physical metric and Maxwell field com-
ponents, and Ernst potentials. We will spell out a number of details which
were omitted in the rather elliptic derivation of [5], with the conclusion that
the Tomimatsu formula for the black hole mass should be corrected. The
use of an incorrect formula has led Tomimatsu himself, and other authors
[7]-[10] to the incorrect conclusion that the usual Smarr mass formula should
be modified when magnetic charges are present.
Before proceeding we need to recall the definition of the complex Ernst
potentials, which will be used in the following. In Weyl coordinates, these
are defined by
E = F − ψψ + iχ , ψ = v + iu , (3.1)
where the electric and magnetic scalar potentials v and u are such that
v = At, ∂iu = ρ ǫijFj
ϕ, (3.2)
with x1 = ρ, x2 = z, and the twist potential χ is defined by
∂iχ = −F
2ρ−1ǫij∂jω + 2(u∂iv − v∂iu) . (3.3)
3.1 Mass
First consider the generalized Komar mass formula (2.9), where Σn is the
horizon H of a rotating black hole, and the spacetime metric is written in
the standard Weyl form
ds2 = −F (dt− ωdϕ)2 + F−1[e2k(dρ2 + dz2) + ρ2dϕ2]. (3.4)
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The horizon corresponds to N2 ≡ ρ2/gϕϕ = 0 with
gϕϕ = F
−1ρ2 − Fω2 > 0, (3.5)
so that H is a cylindrical surface ρ = 0, t = constant, on which
√
|g|gρρ =
ρ = 0, and ω takes a constant value ωH = Ω
−1
H , with ΩH the horizon angular
velocity. The horizon mass (2.9) decomposes as MH =M
G
H +M
E
H , with the
gravitational contribution
MGH =
1
8π
∫
H
√
|g|gρρgta∂jgta dzdϕ
=
1
8π
∫
H
[
ρF−1∂ρF + ρ
−1F 2ω∂ρω
]
dzdϕ
=
1
8π
∫
H
ω [∂zχ+ 2(v∂zu− u∂zv)] dzdϕ, (3.6)
where we have discarded the first term of the integrand in the second line,
which (assuming FH 6= 0) vanishes on the horizon ρ = 0, and used the
definition (3.3) of the Ernst twist potential χ = ImE to express the second
term in terms of Ernst potentials. The electromagnetic contribution is
MEH =
1
4π
∫
H
√
|g|
(
AtF
ρt −AϕF
ρϕ
)
dzdϕ
=
1
4π
∫
H
√
|g| (ωv −Aϕ)F
ρϕ dzdϕ, (3.7)
on account of
√
|g|(F ρt − ωF ρϕ) =
√
|g|gρρω−1F−1Fρϕ = 0 on the horizon.
Using the electromagnetic duality equation (3.2) this can be transformed to
MEH = −
1
4π
∫
H
(ωv −Aϕ) ∂zu dzdϕ
= −
1
4π
∫
H
[ω (v∂zu− u∂zv)− ∂z(uAϕ)] dzdϕ (3.8)
where we have used the constancy over the horizon of
Aϕ + ωv = −ωHΦH , (3.9)
with
−ΦH = At +ΩHAϕ (3.10)
the horizon electric potential in the horizon co-rotating frame [2]. Adding
(3.6) and (3.7), we obtain
MH =
1
8π
∫
H
[ω∂zImE + 2∂z(Aϕ Imψ)] dzdϕ, (3.11)
which differs from Tomimatsu’s [5] Eq. (52) by the presence of the second
term. We will discuss the consequences of this difference shortly.
6
3.2 Angular momentum
Similarly, the first, gravitational contribution to the horizon angular mo-
mentum is
JGH = −
1
16π
∫
H
√
|g|gρρgta∂ρgϕa dzdϕ
= −
1
16π
∫
H
[
2ω(1− ρF−1∂ρF )− ρ
−1(ρ2 + F 2ω2)∂ρω
]
dzdϕ
= −
1
16π
∫
H
{
2ω − ω2 [∂zχ+ 2(v∂zu− u∂zv)]
}
dzdϕ. (3.12)
The electromagnetic contribution is
JEH = −
1
4π
∫
H
√
|g|AϕF
ρt dzdϕ
=
1
4π
∫
H
ωAϕ∂zudzdϕ
=
1
8π
∫
H
ω [(Aϕ + ωv)∂zu− ωv∂zu+ u(ω∂zv + ∂zAϕ) +Aϕ∂zu] dzdϕ
=
1
8π
∫
H
ω [(Aϕ + ωv)∂zu− ω(v∂zu− u∂zv) + ∂z(Aϕu)] dzdϕ, (3.13)
where we have used the constancy of Aϕ + ωv over the horizon in the third
line. Adding these two contributions together, we obtain
JH =
1
16π
∫
H
ω [−2 + ω∂zImE + 2∂z(Aϕ Imψ)− 2ωΦH∂zImψ] dzdϕ,
(3.14)
in agreement with Eqs. (54)-(55) of [5].
3.3 The horizon Smarr formula
To be self-contained, we first recall briefly the derivation of the Tomimatsu
formula giving the horizon electric charge [5]. In Weyl coordinates, this is
defined by the flux
QH =
1
4π
∫
H
√
|g|F tρdzdϕ. (3.15)
The electric field is related to the Ernst potentials by
F ti =
gij
gtt
Ftj −
gtϕ
gtt
Fϕi = e−2k
[
∂iv +
Fω
ρ
ǫij∂ju
]
, (3.16)
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leading on the horizon ρ = 0 to
QH =
1
4π
∫
H
ω∂zImψ dzdϕ. (3.17)
Comparing (3.11) and (3.14), using the definitions of the Hawking tem-
perature TH = κ/2π and entropy S = AH/4, with the surface gravity
κ = e−k/|ω| and the horizon area AH =
∫
H e
k|ω| dzdϕ (so that THS =
κAH/8π = σ/2), and the value (3.17) of the horizon electric charge, we
recover the usual Smarr mass formula
MH = 2ΩHJH + 2THS +ΦHQH . (3.18)
We have thus shown that this formula, which involves only electric charges,
is valid on the horizons for any asymptotically flat configuration, including
horizons carrying also magnetic charges.
As mentioned above, Tomimatsu obtained in [5] an expression M ′H for
the horizon mass which does not contain the second term in (3.11). Conse-
quently he obtained for his M ′h a modified Smarr formula (Eq. (57) of [5])
which contains an additional term MA
S , equal to the opposite of the “lost”
second term of (3.11), so as to account for the difference M ′H −MH . This
extra term can contribute to the horizon mass in the case of magnetically
charged black holes, and the consequences of this were explored in [7]-[10]
in the case of dyonic diholes, pairs of rotating black holes carrying oppo-
site electrical and magnetical monopole charges (so that the global system
has only dipole electromagnetic moments). However, as we have shown, the
usual Smarr relation holds in this case for the horizon observables, provided
they are correctly computed. It is true that the two black holes are con-
nected by a string with conical singularity and carrying magnetic flux (Dirac
string), but the contributions of this string to the total mass and angular
momentum should be included as third separate contributions Mstring and
Jstring (integrals on cylinders centered on the strings) to the sums (2.8) and
(2.13), without effect on the horizon observables,
The situation is different in the case of the first and third examples
discussed in [10] (the dyonic Kerr-Newman solution, and a system of two
counter-rotating black holes with the same electric and magnetic charges).
In this case, not only will some Dirac strings necessarily extend to infinity,
but also the net magnetic monopole potential
Aϕ ∼ −P (cos θ + C) (3.19)
(where P is the net magnetic charge, and C a constant governing the
strength of the Dirac strings) will go to constant values at infinity for all
8
θ, so that the sums (2.8) and (2.13) could include, besides the horizon and
string contributions, additional contributions from a surface at infinity. We
revisit the case of the dyonic Kerr-Newman black hole in the next section.
4 The case of the dyonic Kerr-Newman black hole
The metric and electromagnetic fields of this solution are given by [10]:
F =
f
Σ
, e2k =
f
σ2(x2 − y2)
,
f = σ2(x2 − 1)− a2(1− y2), Σ = (σx+M)2 + a2y2,
ω = −a(1− y2)
2M(σx +M)−Q2 − P 2
f
,
At =
−Q(σx+M) + aPy
Σ
, Aϕ = −Py − C − aAt(1− y
2), (4.1)
where the prolate spheroidal coordinates x ≥ 1, y ∈ [−1,+1] are related
to the Weyl coordinates by ρ = σ(x2 − 1)1/2(1 − y2)1/2, z = σxy, σ being
related to the mass M , electric charge Q, magnetic charge P and rotation
parameter a by σ2 =M2−Q2−P 2−a2. The corresponding Ernst potentials
are
E =
σx−M + iay
σx+M + iay
, ψ =
−Q+ iP
σx+M + iay
(4.2)
(our E is the complex conjugate of that of [10], and our ψ is minus the
complex conjugate of the Φ of [10]), and their imaginary parts are
χ = ImE =
2aMy
Σ
, u = Imψ =
P (σx+M) + aQy
Σ
. (4.3)
First we observe that AtF
rt and AϕF
rϕ (with r ∼ σx) fall off at infnity
more quickly than 1/r2, so that the condition (2.7) is satisfied. However the
situation is different for the angular momentum. Namely, in transforming
the Komar angular momentum (2.2) into the sum (2.13) we have dropped
an integral over a large sphere at spatial infinity parameterized by the angles
θ (with y = cos θ) and ϕ,
1
4π
∫
∞
AϕF
rtr2 sin θdθdϕ =
PQ
2
∫ +1
−1
(y + C)dy = CPQ. (4.4)
So (2.13) is valid for dyons provided the constant C (−b0 in [10]) is set to
zero. Let us emphasize that this conclusion depends only on the asymptotic
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behaviour, and so obviously extends to the case of axisymmetric dyonic
multi-black hole configurations, such as that discussed in Sect. IV of [10].
For such configurations with net total electric and magnetic charges Q and
P both different from zero, horizon and string angular momenta can con-
sistently be defined only in the gauge where the vector magnetic potential
is asymptotically A = −P cos θdϕ, so that that the asymptotic angular mo-
mentum (2.2) can be transformed into the sum (2.13).
The horizon is x = 1. On the horizon we find from (4.1) ωH = Ω
−1
H , with
the horizon angular velocity
ΩH =
a
(M + σ)2 + a2
=
a
Σ0
. (4.5)
We use this to evaluate the integrals (3.17), (3.17), (3.17). The evaluation
of the horizon electric charge (3.17) leads naturally to
QH =
ωH
2
∫ +1
−1
∂yuH dy =
ωH
2
[u(1, 1) − u(1,−1)] = Q. (4.6)
The evaluation of the first term 1/8π
∫
H ω∂yudydϕ of the horizon mass re-
sults similarly, as in [10], in the value M . Concerning the second term, we
note that Aϕ = −Py on the horizon, so that only the part of u which is
even in y will contribute, leading to
1
8π
∫
H
2∂y(Aϕ u)dydϕ = −
P 2(M + σ)
Σ0
, (4.7)
and to the total horizon mass (defined a` la Tomimatsu)
MH =M −
P 2(M + σ)
Σ0
. (4.8)
To compute the horizon angular momentun (3.14), we need to know the
horizon potential ΦH . From (3.10) we obtain [10]
ΦH =
Q(M + σ)
Σ0
. (4.9)
We can then use (3.18) to obtain
JH =
ωH
2
[MH − σ − ΦHQH ]
=
ωH
2
[
M − σ −
(P 2 +Q2)(M + σ)
Σ0
]
=Ma = J. (4.10)
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Comparing (4.8) and (4.10), we see that while the (local) horizon mass
and angular momentum satisfy the usual Smarr formula (3.18), the corre-
sponding (global) quantities evaluated at infinity satisfy a modified Smarr
formula [10] where the electric and magnetic charges stand on equal footings:
M = 2ΩHJ + 2THS +ΦHQ+ Φ˜HP, (4.11)
with the horizon magnetic potential Φ˜H = P (M + σ)/Σ0.
A deeper issue is to understand the reason for the difference between
the horizon mass M and the global mass MH . This can only be due to
the contribution of the two Dirac strings (y = 1 and y = −1 with x > 1)
to the sum (2.8). Consider the integral (2.9) on a surface ΣS± of equation
y = ±(1− ε), where the constant ε shall be taken to zero. Using
dρ2 + dz2 = σ2(x2 − y2)
[
dx2
x2 − 1
+
dy2
1− y2
]
, (4.12)
the flux (2.9) through this surface is
MS± = ∓
1
8π
∫
Σ±
√
|g|gyy
[
gta∂ygta + 2(g
taAt∂yAa − g
ϕaAϕ∂yAa)
]
dxdϕ
(4.13)
(a = t, ϕ), with
√
|g|gyy = 1 − y2. It follows that in the limit ε → 0 (y →
±1), only the terms inside the square brackets with a pole in (1 − y2) will
contribute to the integral. The covariant metric tensor and electromagnetic
vector components remain finite in this limit, as well as the contravariant
metric components gab, with the exception of gϕϕ ∼ F/σ2(x2 − 1)(1 − y2).
So (4.13) reduces to
MS± = ±
1
4πσ
∫
y=±1
F
x2 − 1
Aϕ∂yAϕdxdϕ
= ±
σ
2
∫ ∞
1
Py(P − 2aAty)
Σ
dx
=
P
2
∫ ∞
σ+M
P (ξ2 − a2)± 2aQξ
(ξ2 + a2)2
dξ
=
P [P (M + σ)∓ aQ]
2[(M + σ)2 + a2]
, (4.14)
where we have put ξ = σx+M . The sum of the two string masses
MS+ +MS− =
P 2(M + σ)
Σ0
, (4.15)
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leads to
MH +MS+ +MS− =M, (4.16)
as required. A similar computation for the Dirac string angular momenta
yields consistently JS± = 0, as the contravariant g
ϕϕ does not occur in
(2.13).
5 Conclusion
Thus we solved the dilemma “Tomimatsu vs Smarr” in favor of the latter
and presented a corrected version of the Tomimatsu formulas which repro-
duce the standard Smarr relation for the horizon mass of dyons without
an additional term associated with the magnetic charge. Our modification
should settle some problems which have been raised in recent discussions
of multi-dyonic black hole solutions of the Einstein-Maxwell equations. We
should mention that it has no effect in the case of the recently presented
quasiregular two-NUTty dyonic black hole solution [11], for which the term
omitted by Tomimatsu vanishes.
We have also discovered that Dirac strings give a non-zero contribution
to the total mass of the Kerr-Newman dyonic black hole, so that Dirac
strings are “heavy”. Taking them into account, one finds that the Smarr
relation for the total mass includes the magnetic term. One unexpected
feature concerns the gauge choice for the vector potential of the magnetic
charge. Usually it is believed that by adding a constant term to Aϕ one
can eliminate either the North pole or the South pole Dirac strings without
affecting physics. This is not valid if gravity is taken into account: only the
symmetric gauge choice with both strings present with equal weights leads
to correct balance of mass and angular momentum. This emphasizes the
fact that adding a constant term to Aϕ is a “large” gauge transformation
affecting the physical properties of the solution.
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